A new expression for the plastic constitutive model for materials with initial anisotropy is proposed. A plastic strain rate tensor should be permitted to follow, to a certain extent, the rotation of the stress rate tensor, which rotates instantly from the direction of the current stress tensor as in the case of plastic instability. For this purpose, a non-associated normality model, in which the plastic potential function is defined independently of the yield function, has been adopted in the proposed model. An explicit expression for the equivalent plastic strain rate, which is plastic-work-conjugated with the defined equivalent stress corresponding to the proposed yield function, is also presented. This is important for expressing a generalized work-hardening rule for materials with plastic flow stress anisotropy. The proposed theory is expected to overcome the serious problems in the associated plastic flow theory.
Introduction
Most of the phenomenological plastic constitutive models are based on the framework called the associated flow rule, which is a type of normality rule having a yield function as its plastic potential function. In metal forming analysis, the use of the associated flow rule is not necessarily a best choice for anisotropic metals such as cold-rolled steels and aluminum alloys. Unfortunately, the need for such metal forming simulation has increased, and unsatisfactory results are usually obtained. In metal forming research, many material models have been studied to overcome such problems. The origin of the anisotropic material model is considered to be Hill's model (Hill, 1948) , which is known as the Hill48 model. This model was developed on the basis of von Mises's isotropic material model and is still frequently used because of its acceptable prediction results for most general metals. Later, other useful materials models were developed that were based on the associated flow rule and provided good results in some cases; however, the intrinsic problem was not solved. Namely, in an anisotropic sheet metal, the directions of yield stress evolution and plastic strain increment do not generally coincide; in other words, the shape of the yield surface and the plastic potential, which prescribes the direction of the plastic strain increment, do not match. If a yield function is devised to exhibit good agreement with yield stresses obtained from experiments, the representation of stress anisotropy will be achieved but that of deformation anisotropy will be lost. Therefore, the authors consider it is natural to adopt the non-associated flow rule to represent two different anisotropy independently.
Many phenomenological yield functions have been proposed. Bassani (Bassani, 1977) proposed a yield function based on Bishop-Hill's crystal plasticity analysis (Bishop and Hill, 1951 ) that can express the characteristics of the anormaly. Karafillis and Boyce (Karafillis and Boyce, 1993) , and Barlat and Lian (Barlat and Lian, 1989) presented other useful yield functions for anisotropic metals. Most of their expressions are too complex to define the equivalent plastic strain increment, which is work-conjugated with the equivalent stress. This is because the yield function must be satisfied in the cases of both flow stress anisotropy and deformation anisotropy. In the stress rate dependence model proposed by Ito et al. (Ito et al., 2000) , a new potential function that specifies the plastic strain increment direction for any case of proportional loading was introduced. In this case, the mathematical expression for this constitutive model is almost the same as that of the non-associated normality rule. A few researchers have proposed material models based on the non-associated flow rule. Stoughton and Yoon (Stoughton and Yoon, 2009) proposed a model based on the non-associated flow rule that adopted Hill's quadratic yield function. Safaei et al. (Safaei et al, 2014) proposed a model based on the non-associated flow rule that adopted Barlat's yield function (Barlat et al., 2003) . These models include the features and issues of the original yield functions they made the basis.
In this paper, we propose a material model based on the non-associated flow rule to appropriately deal with anisotropic metals in metal forming simulations. In the proposed model, a new yield function was developed on the basis of the Hill48 model with homogeneous function of arbitrary degree. Then, a corresponding expression for the equivalent plastic strain increment, which is plastic-work-conjugated with anisotropic equivalent stress, was also developed. Numerical examinations simulating experimental values proved the effectiveness of the proposed model.
Proposed model

Hill's anisotropic model
To obtain a concise expression for the yield function, the following deviatoric stress vector and flow stress anisotropy matrix are introduced:
Then, the yield condition is expressed using the yield function f( ) as follows:
,
When isotropy is assumed, the equivalent stress is defined to be identical to J 2 as follows:
Using these equations, we finally have the definition of the equivalent plastic strain increment as .
Proposed model
Following the above-explained Hill's constitutive model, the proposed model is developed. A vector s m , which is a deviatoric vector with its components having powers of m, is defined.
, (6) Using the same isotropy matrix as that in the Hill48 model, the quadratic form s m ·A· s m is obtained. This takes the form of Hill's second-order yield function with its components having powers of 2m. In the proposed model, we define the yield function f( ) as being equal to the equivalent stress ; namely, the expression is ,
This higher-order function preserves the form of Hill's quadratic yield function, that is, it contains the same anisotropic parameters F, G, H, L, M, and N. This feature is important because it is possible to construct a higherorder yield function by changing the power m without increasing the number of undetermined variables. Therefore, the burden of determining anisotropic parameters through numerous experiments can be avoided. In our non-associated flow rule, a function different from the yield function is adopted as a potential function, which provides the direction of the plastic strain increment of the subsequent state of current stress. In this study, the previously introduced function f( ) is used as the yield function, and another function g( ) that takes the same form as f( ) but has different anisotropic parameters F * , G 
In this paper, we set n = 1. In the next subsection, we describe how to determine the other set of anisotropic parameters
From the definition of plastic work, the explicit expression for our equivalent plastic strain increment is obtained as .
Determining anisotropic parameters
The main disadvantage of the non-associated flow rule models is the increase in the number of unknown variables. Usually, these variables can be specified from the results of experiments such as tensile tests; therefore, the use of the non-associated flow rule model means an increased burden in terms of conducting experiments and measurements. In addition, if a higher-order function is required, the burden increases, making this approach impractical. Thus, to enjoy the benefits of the non-associated flow rule model, an increase in the numbers of unknown variables should be avoided. This is why we have adopted the form in Hill's model.
The plastic anisotropy characteristics of materials are classified into two categories; namely, plastic flow stress anisotropy and plastic deformation anisotropy. The former and latter should be incorporated in the yield function and potential function, respectively. Consider cold-rolled metal sheets under a plane stress state. Under the plane stress condition, the number of variables is halved. The anisotropic variables that must be determined are , are determined by the r-values in the direction of rolling, diagonal, and transverse. The remaining parameter N is determined by optimization using the tensile test data in the diagonal direction.
Numerical experiments
In this section, to confirm the effectiveness of the proposed model, the necessity of independence of the yield function from the plastic potential is clarified through numerical experiments. In any stress state, only one equivalent stress-equivalent plastic strain relation should exist; however, a constitutive model based on the associated flow rule has an essential problem. Namely, it cannot deal with stress anisotropy and deformation anisotropy simultaneously.
To demonstrate the process of anisotropic parameter determination, the following material data is prepared virtually. (10) where each subscript means the direction of rolling, transverse, equi-biaxial, and diagonal, respectively. And the rvalues are r 0 = r 45 = r 90 = 1.0. Therefore, this case is stress anisotropy and deformation isotropy state. Table 1 shows the calculation results for anisotropic parameters of this example. In this numerical experiment, m is changed from 1 to 4, and anisotropic parameters are determined for each case. And in all cases, one identical equivalent stress-equivalent plastic strain curve is obtained. This is impossible when the associated flow rule, such as Hill48, is used. Namely, if the anisotropic parameters in the associated flow rule model are evaluated by the rvalues, the model cannot deal with stress anisotropy. Thus, to handle the material like this example, the nonassociated flow rule model should be used. In addition, the proposed model can express a potential function and a yield function of arbitrary order independently, as shown in Fig. 1 ; therefore, it is expected that the proposed model is applicable to various type of metals. 
Conclusion
A new material model on the basis of the non-associated flow rule for plastic anisotropic materials has been presented. In the proposed model, a new higher-order yield function is defined and included in the model. And a definition of the plastic strain increment, which is plastic-work-conjugated with the plastic anisotropic equivalent stress for the non-associated flow rule, has also been proposed. This definition makes it possible to reproduce exact work-hardening curves in any stress state from the generalized work-hardening relation expressed using the equivalent stress and equivalent plastic stress. The proposed model was verified by numerical experiment. According to the introduced higher-order function, the proposed model can represent various types of anisotropy materials. This is achieved without increasing unknown parameters, compared to the conventional models; thus, the proposed model is advantageous in the practical use.
